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INTRODUCTION 

AN EARLIER note [l] reported an expression which closely fits 
the experimental Nu-Ra data relevant to natural convection 
in horizontal heated-from-below layers of a fluid .(water) 
having a Prandtl number of about 6. The present note has two 
purposes : (1) to point out that a slightly altered form of that 
expression closely fits all the reliable available experimental 
data relevant to horizontal layers, regardless of the Prandtl 
numbers ; and (2) to point out that a slightly altered form of this 
new expression fits the available experimental data relevant to 
horizontalenclosuresas wellaslayers.(For thepurposesofthis 
note a horizontal enclosure is one bounded only by horizontal 
and vertical surfaces, and a horizontal layer is a horizontal 
enclosure whose horizontal dimensions have been made so 
large with respect to the vertical ones that they have ceased to 
effect the Nusselt number. See the earlier note [l] for 
definitions of Nu and Ra.) 

HORIZONTAL LAYERS 

The earlier note [l] gave Nu-Ra expressions for both air 

(Pr z 0.7) and water (Pr zz 6) and demonstrated a definite 

Prandtl number dependence inside the range 0.7 6 Pr 6 6. 
That the Prandtl number dependence persists outside that 
range is demonstrated in Fig. 1, which shows the data of 
Schmidt and Silveston [2] at Pr = 35,100, and 3000, Rossby 
[3] at Pr = 200 and 0.025, and Globe and Dropkin [4] at 
various Pr, together with plots ofthe earlier note’s expressions 
for air and water. The consistency ofthe Schmidt and Silveston 
data with the Rossby data (or vice versa) is both striking and 
reassuring. But the Globe and Dropkin data is generally 
inconsistent with the other data. A study of the Globe and 
Dropkin experiment reveals sources for experimental error 
large enough to explain the inconsistency ;* hence their data 
will be ignored in what follows. 

The proposed altered form of the previous note’s expression 
is 

Nu = 1 + [ 1 - 1708/Ra]*[k, + 2(Ra”3/k,) (1 -In (Ra”‘/kJ)] 

+ [(Ra/5830) l’J--110, (1) 

*For example the hot plate was not guarded on either the 
bottom or the sides, and no special precautions were taken to 
ensure the isothermality of each plate. 
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FIG. 1. Dataofvarious workers for Prandtlnumbersoutside therange0.7 < Pr < 6.Also shownare thefitsfor 
the data at Pr = 0.7 and 6 obtained in the earlier note [l]. 
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Table 1. Values of k, and k, to be used in equation (1) 
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PT 

(approx.) k, k2 

Range of 
Ra tested Reference 

0.024 0.35 >200 lo3 C Ra < 5 x 10’ 
0.7 1.40 > 400 lo3 c Ra < 10s 
6 1.44 140 lo3 C Ra < 10” 

34 1.44 100 lo3 S Ra < 2 x 10’ 
100 1.44 - 85 lo3 & Ra < lo5 
200 1.44 85 lo3 C Ra < 3 x lo6 

3000 1.44 - 75 lo3 < Ra < 5 x lo4 

where, as in ref. [I], square brackets with a dot : [ ]* indicate 
that only positive values of the argument inside the brackets 
are to be taken (ifthe argument is negative, the quantity is to be 
taken as equal to zero). The parameters k, and k2 are functions 
of the Prandtl number; the values which they must take in 
order to make the equation fit the data are given in Trible 1. 
The following equations fit the dependences of k, and k, 
exhibited by Table 1 

k, = 1.44/(1 +0.018/Pr+0.00136/Pr2), (2) 

k, = 75 exp (l.SPr-‘I’). (3) 

Cough et al. [S] suggested the form of equation (2); equation 
(3) is empirical. 

Forallpracticalpurposes,equations(lH3)with Pr = 0.7or 
6 reduce to the equations given in the earlier note [l], so they 
agree closely with air and water data. Figure 2 shows the 
comparison with the data at other Prandtl numbers. The 
agreement is excellent, generally within a few per cent. Further 
experiments are required to establish the full range of validity. 

HORIZONTAL ENCLOSURES 

Every fluid-filled horizontal enclosure is characterized by a 
critical Rayleigh number Ra,, which depends upon the 
enclosure’s various geometric and thermal properties. As 
explained by Catton [6], early theoretical methods of 
obtaining Ra, relied on an approximate ‘adjusted wave 
number’technique, but since 1967 exact solutions for Ra, have 
become available for the principal cross-sectional shapes of 
interest [7-l 11, and the methodology for finding Ra, for other 
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FIG. 2. Comparison of data at Pr = 3000, 150, 35, and 0.025 
with equation (1). 
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shapes is now straightforward. Although the available exact 
solutions are for opaque fluids, the methods of Edwards and 
Sun [12, 131 and Sun [14] may be used to approximate the 
alteration required to account for the radiative effects. A 
summary of the results of the exact-theory approach has been 
recently prepared [ 151. Methods of predicting Ra, are core to 
any method of correlating the experimental Nu-Ra data. 

The available experimental Nu-Ra data relevant to 
horizontal enclosures [l&20] have been correlated with some 
success using a combined technique which incorporates both 
the adjusted wave number method and the power integral 
method [16, 17, 211. Despite its success this combined 
technique has three shortcomings. First it predicts the Nu-Ra 
relation to be independent of Prandtl number-a fact at 
variance with the experimental evidence [18]. Second it fails to 
predict the l/3 power law dependence of Nu on Ra at high 
Rayleigh number.* Third it is knitted into the older adjusted 
wave number method of finding Ra,. In light of these 
shortcomings, new methods of correlating Nu-Ra data, such 
as that described below, are of interest. 

Two modifications were necessary to make equation (1) fit 
the enclosure data : replacing the 1708 in the second term by 
the Ra, appropriate to the enclosure in question, and 
multiplying the third term by a factor such that that term 
contributes only at Ra > Ra,, while maintaining the correct 
high Ra asymptote. An exponential factor, similar to one used 
previously [18], was adopted. The modified equation is 

Nu = 1+[l+x;3]*[kI+2~~1-‘nr~)] 

+[x3-I]o[l-exp(-0.95[x,-1]o)], (4) 

where xi = (Ra/RaJ113, with Ra, = Ra,; Ra, = k:; and 
RA, = 5930. When Ra, = 1708, equation (4) yields Nusselt 
numbers so close to those from equation (1) that for practical 
purposes one can say that equation (4) reduces to equation (1) 
as a special case. Figure 3 shows a plot of equation (4) for 
Pr = 6 with Ra, as parameter. 

In order to compare equation (4) with the relevant enclosure 
data the measured values of Ra, were used in the equation 
instead of the theoretical values. The inset of Fig. 3 shows 
the resulting comparison for several sets of data. In the 
experiments of Sun and Edwards and Catton and Edwards, 
the Prandtl number varied, and some of the deviations of their 
data from the smooth curve of equation (4), which is based on 
their median Prandtl number of 600, may be explained as 
beingdue to this variation in Prandtl number.Toillustrate, the 
dashed lines show the range in Nu that would be expected from 
equation (4) due to the Prandtl number range (from 120 to 
1700) covered by the experiments of Catton and Edwards on 
conducting walls. 

Unfortunately, not all of the sets of literature data agree as 
closely with equation (4) as the selected data 

*Goldstein and Tokuda [22] recently validated the l/3 law 
asymptote by measurements on water in the 10” < Ra < 
10” range, obtaining Ra = 0.0556R~“~. (This is precisely 
the asymptote predicted by equation (1) : at high Ra the third 
term dominates, so Nu + (5800-““)R~1”~ = 0.0556Ra”3.) 



468 Technical Notes 

log Ra 

FIG. 3. A plot of equation (4) for various Ra, when Pr = 6, and (inset) a comparison of selected data with 
equation (4). 

of Fig. 3, although most of it does. Certain of the data, 
principally the data of Smart et al. for long rectangle cross- 
sections, showed maximum deviations from equation (4) of up 
to 25%. No particular cell characteristic, other than a long 
rectangular cross-section, seems to control the presence of 
these larger deviations. 

The chief advantage of equation (4) is that it reduces all the 
complexities caused by side wall conductive and radiative 
interactions to finding the appropriate Ra,. Moreover, if 
Ra, = 1708, it reduces to equation (I). It is therefore suitable 
for both enclosures and layers. 
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